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Abstract

We consider the geometrical aspects of the Krichever map in the context of Jacobian super KP
hierarchy. We use the representation of the hierarchy based on the Faà di Bruno recursion relations,
considered as the cocycle condition for the natural double complex associated with the deformations
of super Krichever data. Our approach is based on the construction of the universal super divisor
(of degreeg), and a local universal family of geometric data which give the map into the Super
Grassmannian. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we study the geometrical setting of the super Krichever map in analogy to
the standard non-graded case [5]. This map is an essential tool in the analysis of the algebraic
geometric solutions to integrable systems of soliton type (see, e.g., [10]). Its super extension
has already been introduced in [11], and studied in [1,12]. The essential difference in our
approach is that we have taken full benefit of the so-called Faà di Bruno approach to the KP
theory [4] and its super generalization [6], where the equivalence of this approach to the
standard differential-operator picture of the Jacobian SKP [9,12] is proved. It turns out, as
in the classical case, that the Faà di Bruno recursion relation is (related to) the first cocycle
condition for the hypercohomology group which controls the infinitesimal deformations of
the spectral super line bundle together with its meromorphic sections.

The basic advantage of this approach is that it is directly related to the (Super)Grassman-
nian description of the hierarchy, and has an intrinsic geometrical meaning. In particular,

∗ Corresponding author. Tel.:+39-040-378-7409; fax:+39-040-378-528.
E-mail addresses:falqui@sissa.it (G. Falqui), reina@sissa.it (C. Reina), zampa@fm.sissa.it (A. Zampa).

0393-0440/01/$ – see front matter © 2001 Elsevier Science B.V. All rights reserved.
PII: S0393-0440(00)00037-1



170 G. Falqui et al. / Journal of Geometry and Physics 37 (2001) 169–181

we can avoid the difficult initial step of the introduction of the Baker–Akhiezer function, go
on with the natural development of the geometrical construction, and recover the existence
of the BA function at the end.

As in the classical case, the important technical tool is to construct a local universal
deformation of the initial super line bundle, since the cocycle condition comes by consi-
dering point-wise the germ of such a deformation as a vector field on the base. This is a
difficult point because we lack a sound definition of the Super Jacobian of a super curve
C. Indeed looking at the transition functions, one would say that this is the cohomology
groupH 1(C,O×

0 ), whereO×
0 is the sheaf of units in the even part of the structure sheaf.

Unfortunately, this set-up is not fully satisfactory because there are no naturally defined odd
deformation directions. The way out we present in this paper is to work with the moduli
spaceSg C̃ of effective superdivisors of degreeg or, which is the same, with theg-fold
symmetric product [3] of the dual curve [1,2]. This is a supervariety with enough odd
parameters over which we have a universal effective divisor, and we expect that, as in the
classical case, the “Super Jacobian” will appear as a quotient ofSg C̃.

The scheme of the paper is as follows: in Section 2, we briefly recall the Faà di Bruno
recursion relations, their connection with the JSKP hierarchy, and with the Krichever map,
referring to [6] for more details. In Section 3, we give a briefresumèof the tools from defor-
mation theory needed in the sequel. In Section 4, we construct the symmetric powers of the
(dual) supercurve as a supervariety, and we prove the existence of a universal superdivisor.
In Section 5, we exploit the cohomological meaning of the Faà di Bruno recursion relations
to insure that it gives a flow on the space of super Krichever data and, through the super
Krichever map, the JSKP flow on the algebraic geometrical loci in the Super Grassmannian.
Finally, in Appendix A, we recall some basic definitions of the theory of super curves used
in the paper.

2. The Jacobian super KP hierarchy

Let us start by fixing some notations. We denote byΛ a generic Grassmann algebra over
C, B := Λ[[x, ϕ]] is the Λ-algebra of formal power series in the variablesx (even) and
ϕ (odd) andD := ∂ϕ + ϕ∂x . The ring of formal super pseudo-differential operators over
X := Spec(B) is the space of formal series

L :=
∑
j≥0

ujD
n−j , uj ∈ B

endowed with the product induced by the super Leibniz rule

Dk · f =
∑
j≥0

(−1)f̄ (k−j)

[
k

j

]
f (j)Dk−j ,

wheref̄ denotes the parity off , f (j) = Dj (f ) and

[
k

j

]
is the super binomial coefficient

[8].
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Mulase and Rabin [9,12] defined the Jacobian super KP hierarchy as the following set of
evolutionary equations for the even dressing operatorS := 1 + ∑

j>0sjD
−j :

∂t2k
S := −(SD2kS−1) S = −(S∂k

xS−1) S,

∂t2k−1S := −(S(D2k−1 − ϕD2k)S−1) S = −(S∂ϕ∂k−1
x S−1) S,

whereL is the pure pseudo-differential part ofL and the timetk has parityk mod 2. One
of the features which distinguishes this hierarchy from that of Manin and Radul [8] is that
for algebraic geometric solutions the equations describe super-commuting linear flows on
the super Jacobian of a super curve. One way to approach this issue is to consider another
description of the hierarchy, using the super Faà di Bruno polynomials instead of super
pseudo-differential operators. We refer to [6] for a detailed account and we only sketch
what is relevant to the present discussion. LetV := Λ((z−1))⊕Λ((z−1)) · θ be the algebra
of formal Laurent series in the even variablez−1 and the odd variableθ , letV+ := Λ[z, θ ],
V− := Λ[[z−1, θ ]] · z−1 and letVB := V ⊗Λ B. The basic object of this formulation is the
odd Faà di Bruno generator

ĥ(z, θ; x, ϕ) := θ + ϕz + O(z−1) ∈ VB,

where, abusing notations, we write O(z−1) for an element ofV−⊗ΛB. Out ofĥ we construct
iteratively the Faà di Bruno polynomials by

ĥ(0) := 1, ĥ(k+1) := (D + ĥ)ĥ(k), k ∈ N, (2.1)

and setWB := spanB{ĥ(k) : k ∈ N}. It is then easy to show that there exists a unique basis
{Ĥ (k), k ∈ N} of WB , whose elements (called “super currents”) have the form

Ĥ (2k+p) = θpzk + O(z−1) (2.2)

with p = 0, 1, in terms of which the equations of the Jacobian super KP hierarchy become

∂ĥ

∂tk
= (−1)kDĤ (k). (2.3)

SinceĤ (2) = ĥ(2), we have∂t2 ≡ ∂x .
The study of these equations finds its most appropriate and natural setting in the concept of

super universal Grassmannian SGrΛ defined as follows [1,13]. The filtration· · · ⊂ Vj−1 ⊂
Vj ⊂ Vj+1 ⊂ · · · ⊂ V , whereVj = zj+1V−, makesV and itsΛ-submoduleV+ complete
topological spaces and SGrΛ := SGrΛ(V, V+) is the set of closed freeΛ-submodulesW
of V which are compatible withV+ in the sense that the restrictionπW of the projection
π : V → V+ to W is a Fredholm operator, i.e., its kernel (respectively, cokernel) is a
Λ-submodule (respectively, a quotientΛ-module) of a finite rank freeΛ-module. As in the
commutative setting, SGrΛ is the disjoint union of the denumerable set of its components
SGr(i)Λ labelled by the indexiW of πW ; moreover each component acquires a structure of
super scheme by means of projective limits. By definition, the spaceWB spanned by the
Ĥ (k)’s gives rise to a moving point of SGrΛ and the super currents evolve under JSKP along
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the equations of a dynamical system, thesuper central system[6], which gives vector fields
on the Grassmannian. In particular one has that

∂tj Ĥ
(k) = (−1)jk∂tk Ĥ

(j). (2.4)

Whichever approach one takes, the link with algebraic geometric solutions is provided
by the super Krichever map [11] which associates a pointW of SGrΛ to the datum
(C, D, (z−1, θ),L, η) of
1. aΛ-super-curveC = (C,OC) (see Appendix A),
2. an irreducible divisorD onC whose reduced support is a smooth pointp∞ ∈ C,
3. local coordinatesz−1 andθ in a neighbourhoodU0 3 p∞,
4. an invertible sheafL onC and
5. a local trivializationη of L overU0.
LetL(∞D) = limn→∞ L(nD) be the sheaf of sections ofL with at most an arbitrary pole
atD, thenW = η(H 0(C,L(∞D))). Bergvelt and Rabin [1] have shown that theΛ-module
H 0(C,L(∞D)) is free, soW belongs indeed to SGrΛ. We can invert the Krichever map on
its image as explained in [11]; in particular, the ring of functions ofC which are holomorphic
on the open subsetU1 := C − {p∞} is the subalgebraAW ⊂ V of functionsf such that
f · W ⊂ W .AW is obviously graded.

As a consequence of Eqs. (2.1) and (2.3), we recover the same picture in our approach.

Proposition 2.1 (Isospectrality).Let ĥ(x, ϕ, t) be a solution of the Jacobian super KP
hierarchy and denote byWT , the space generated by the corresponding super currents
Ĥ (k)(x, ϕ, t). For any specialization(x0, ϕ0, t0) of (x, ϕ, t) let A(x0,ϕ0,t0) ⊂ V be the
Λ-algebra of functions that map by multiplicationWT0 into itself. ThenA(x0,ϕ0,t0) does not
depend on(x0, ϕ0, t0).

We limit ourselves to sketch the proof. We have to show that iff ∈ A(x0,ϕ0,t0), then
fWT ⊂ WT . Since 1∈ WT , this is equivalent to showing that such anf is in WT , because
f supercommutes withD + ĥ. Since 1∈ WT0 as well, we can write

f =
∑

cj H̃ (j),

whereH̃ (j) denote the specialization of̂H(j) at t = t0. We have to prove that, calling

f ′ =
∑

cj Ĥ
(j),

actuallyf ′ = f , i.e.,
∑

cj Ĥ
(j) is independent of the timestk.

The identity

f · (D + ĥ)k =
∑
j≥0

(−1)(j (j+1)/2)+kf̄

[
k

j

]
(D + ĥ)k−j f (j)

shows thatDkf ′ ∈ WT ∀k so thatDf ′ = 0. Similarly, one proves that∂tkf
′ = 0∀k.
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3. Deformation of super line bundles and of their sections

The meaning ofisospectrality(Proposition 2.1) is that when the solution is of algebraic
geometric type the super curveC (also called thespectral curve) remains unaffected by the
flows of the hierarchy. Indeed, it is also true that the divisorD and the coordinates(z−1, θ)

do not change, so the motion involves only the line bundleL and its local trivializationη.
Since our aim is to geometrically interpret Eqs. (2.1) and (2.3), which are of differential
type, and the super Krichever map is defined in terms of sections of a super line bundleL,
we have to understand how the sections change when we deformL.

Definition 3.1. LetC be aΛ-super-curve,L an invertible sheaf onC, s a global section ofL
and(X , x) a pointedΛ-super-scheme. AnX -family of invertible sheaves onC is an invert-
ible sheafLX overC ×Spec(Λ) X . A deformation of(L, s) over the pointed super-scheme
(X , x) is a triple(LX , σ, ρ), where
1. LX is anX -family of invertible sheaves onC,
2. σ is a global section ofLX , and
3. ρ is an isomorphism,ρ : L → ι∗LX , whereι : C ↪→ C ×Spec(Λ) X is the embedding

identifyingC with C ×Spec(Λ) {x}, such thatι∗σ = ρs.
Two deformations(LX , σ, ρ) and(NX , τ, ξ) of (L, s) over (X , x) are isomorphic if and
only if there exists an isomorphism of sheavesη : LX → NX compatible withρ andξ

(ξ = ι∗(η) ◦ ρ) and such thatτ = η(σ ). The line bundleLX |C×Spec(Λ){x} ' L is sometimes
called thecentral fibreof the deformation. Finally, aninfinitesimal deformation of(L, s) is
a deformation over the “one-point”Λ-super-scheme

E := Spec

(
Λ[t, ε]

〈t2, tε〉
)

,

wheret is even andε is odd.

Let {Uj }j∈J be a covering by open affine sub–super-schemes ofC and denote byUj1,...,jk

the intersection∩k
l=1Ujl

, byOj1,...,jk
the super-commutative ring of sections ofOC over

Uj1,...,jk
, and byLj1,...,jk

theOj1,...,jk
-module of sections ofL overUj1,...,jk

. Finally, define

Oj1,...,jk
[t, ε] := Oj1,...,jk

⊗Λ OE , Lj1,...,jk
[t, ε] := Lj1,...,jk

⊗Λ OE ,

Uj1,...,jk
[t, ε] := Spec(Oj1,...,jk

[t, ε]) = Uj1,...,jk
×Spec(Λ) E .

Then,{Uj [t, ε]}j∈J is an open affine covering ofC ×Spec(Λ) E and the exact sequence of
sheaves

0 → Oj → Oj [t, ε]×0 → O×
j,0 → 1,

f 7→ 1 + tf0 + εf1,

wheref0 and f1 are the even and odd components off , yields a group isomorphism
Pic(Uj [t, ε]) ' Pic(Uj ) due to the fact that theUj ’s are Stein (see [14], 1.3.8). Thus, ifLE
is an infinitesimal deformation ofL then

LE |Uj [t,ε] ' (L|Uj
)[t, ε],
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so it is described as the gluing of the last modules by means of a suitable isomorphism

Gjk : Ljk[t, ε]
'→Ljk[t, ε],

which in turn is given by the transition matrix

Gjk =




gjk 0 0

δtgjk gjk 0

δεgjk 0 gjk


 ,

where we express an elementσj ∈ Lj [t, ε], σj = fj + tδtfj + εδεfj as a column vector
(fj , δtfj , δεfj )

t , δtgjk ∈ Ojk,0, δεgjk ∈ Ojk,1 andgjk is the transition function ofL. The
cocycle condition forGjk implies that{g−1

jk (δtgjk + δεgjk)}jk is a 1-cocyclec1 on C with
values inOC . Clearly, if we changec1 by a coboundary, we get an isomorphic infinitesimal
deformation of the invertible sheafL. Hence, the set of isomorphism classes of infinitesimal
deformations ofL is isomorphic toH 1(C,OC). If we have a deformationLX of L over
(X , x) andv : E → X is a “tangent vector” toX at x, then the pull-back ofLX under
idC × v is an infinitesimal deformation ofL and corresponds by the above argument to a
class [c1] ∈ H 1(C,OC). This defines the Kodaira–Spencer mapKS : TxX → H 1(C,OC)

of the deformation.
Now we consider the deformationσ ∈ H 0(C ×Spec(Λ) E,LE ) of s ∈ H 0(C,L). Let us

write the local expression ofσ as above:σj = fj + tδtfj + εδεfj , wherefj is the local
function representings. Then, the cocycle condition forσ to be a global section reads

g−1
jk δtfj = δtfk + g−1

jk δtgjkfk, g−1
jk δεfj = δεfk + g−1

jk δεgjkfk. (3.1)

The meaning of these two equations is the following (see, e.g., [15] and the Appendix of [5]):
the triple({Uj }j , {g−1

jk (δtgjk +δεgjk)}jk, {δtfj +δεfj }j ) gives rise to a classγ1 ∈ H1
s (C,C

·)
of the hyper-cohomology of the complex

C· : 0 → OC
s·→L→ 0

of sheaves onC. The set of isomorphism classes of infinitesimal deformations of(L, s) is
isomorphic toH1

s (C,C
·), and a corresponding Kodaira–Spencer map can be defined for any

deformation.
Our goal is to show that the similarity between Eq. (3.1) and the second equation in (2.1)

is not only formal, i.e., we can interpret Eq. (3.1) as the differential equation associated
with a Kodaira–Spencer deformation of the spectral super line bundle together with its
meromorphic sections,

g−1
jk ∂tfj = (∂t + g−1

jk ∂tgjk)fk, g−1
jk ∂εfj = (∂ε + g−1

jk ∂εgjk)fk. (3.2)

To achieve this, we have first of all to construct a suitable familyLX of line bundles on a
Λ-super-curveC and then to interpret the Faà di Bruno polynomials as local representatives
of sections ofLX . These two steps will be taken in Sections 4 and 5.
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4. The universal relative positive super divisor

From now on we assume thatC is a smooth super curve overΛ. Since the points of the
super universal Grassmannian associated with a solution of the Jacobian super KP hierarchy
belong to the component of index 0|0 we must requireC to be a generic SKP curve andL
to have degreeg equal to the genus ofC.

Definition 4.1 (SKP curve [1]). AΛ-super-curveC = (C,OC) is called anSKP curveif
its split structure sheafOsp

C := OC ⊗Λ Λ/m is of the formOrd
C |S, wherem is the maximal

ideal of nilpotent elements ofΛ,S is an invertibleOrd
C -module (a “reduced” line bundle) of

degree 0 and·|· denotes a direct sum of freeΛ-modules, with on the left an evenly generated
summand and on the right an odd one. IfS 6= Ored

C thenC is called agenericSKP curve.
Let C̃ be the dual super curve ofC, whoseΛ-points are the irreducible superdivisors ofC (see
Appendix A). Constructing a universal family of line bundlesLX requires the construction
of the super Picard scheme ofC and the corresponding super Poincaré sheaf. However, we
can avoid this difficult step, since it suffices to produce the universal super divisor∆(g) of
degreeg. In analogy to the commutative case, the central object we have to consider is the
gth symmetric productSg C̃ of the dual super curvẽC, sinceC̃ parameterizes irreducible
positive super divisors onC. Our discussion will follow closely that of [3], the only novelty
being that we have to work overΛ rather thanC.

Let Cg := C ×Spec(Λ) · · · ×Spec(Λ) C be theg-fold fibred product ofC with itself over
Spec(Λ). The symmetric groupΣg of degreeg acts onCg by

Σg 3 σ : Cg → Cg,

(x1, . . . , xg) 7→ (xσ(1), . . . , xσ(g)),

and

σ : O⊗Λg

C → O⊗Λg

C ,

f1 ⊗Λ · · · ⊗Λ fg 7→
(∏

j<k
σ(j)>σ(k)

(−1)f̄σ(j)f̄σ (k)

)
fσ(1) · · · fσ(g),

(4.1)

whereC is the reduced curve associated withC. We define thegth symmetric product ofC
to be the ringed space

SgC :=
(

Cg

Σg

, (O⊗Λg)Σg

)
,

whose structure sheaf is the graded sheaf of invariants ofO⊗Λg. Notice that, sinceσ is an
even map (i.e., it preserves degrees), the action above is the same as that in Eq. (1) of [3].
The form given above makes the proof of the following proposition quite immediate.

Proposition 4.1. The super spaceSgC is a supermanifold overSpec(Λ) of dimensiong|g.

Proof. It is well known thatSgC := Cg/Σg is a smooth scheme, so we have to show that
locallyOSgC is isomorphic toOSgC ⊗ Λ[θ1, . . . , θg]. ObviouslyΛ ⊂ OSgC . By definition
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there exists an open covering{Uj }j∈J of C such thatOC(Uj ) ' Λ ⊗C OC(Uj )[θj ]. Let
p : Cg → SgC be the natural projection of ordinary schemes. One has only to prove that
if V is an open affine subscheme ofSgC such thatOCg (U) (U = p−1V ) is isomorphic
to Λ ⊗C (OC(U)[θ ])⊗Cg, thenOSgC(V ) ' OSgC(V ) ⊗ Λ[ς1, . . . , ςg] for suitable odd
coordinatesς1, . . . , ςg. Now, σ ∈ Σg acts as the identity on the first factorΛ: in fact we
have

σ(λ1f1 ⊗ · · · ⊗ λgfg) = σ


∏

j<k

(−1)f̄j λ̄k (λ1 · · · λg)f1 ⊗ · · · ⊗ fg




=


 ∏

l<m
σ(l)>σ(m)

(−1)(f̄σ (l)+λ̄σ (l))(f̄σ (m)+λ̄σ (m))


 λσ(1)fσ(1) ⊗ · · · ⊗

λσ(g)fσ(g) =


 ∏

l<m
σ(l)>σ(m)

(−1)f̄σ(l)λ̄σ (m)+f̄σ (m)λ̄σ (l)+f̄σ (l)f̄σ (m)




×

∏

j<k

(−1)f̄σ(j)λ̄σ (k)


 × λ1 · · · λgfσ(1) ⊗ · · · ⊗ fσ(g)

=


 ∏

l<m
σ(l)>σ(m)

(−1)f̄σ(l)λ̄σ (m)+f̄σ (m)λ̄σ (l)





∏

j<k

(−1)f̄σ(j)λ̄σ (k)




×λ1 · · · λgσ(f1 ⊗ · · · ⊗ fg)

and since
 ∏

l<m
σ(l)>σ(m)

(−1)f̄σ(l)λ̄σ (m)+f̄σ (m)λ̄σ (l)





∏

j<k

(−1)f̄σ(j)λ̄σ (k)


 =

∏
j<k

(−1)f̄j λ̄k ,

we getσ(λ1 · · · λgf1 ⊗ · · · ⊗ fg) = λ1 · · · λgσ(f1 ⊗ · · · ⊗ fg). Therefore, it remains only
to apply Theorem 1 of [3]. If(z, θ) are graded local coordinates ofC then a system of
graded local coordinates forSgC is given by(s1, . . . , sg, ς1, . . . , ςg), where(s1, . . . , sg)

are the (even) symmetric functions ofzj = 1 ⊗ · · · ⊗ z ⊗ · · · ⊗ 1 (with z in the j th
position), 1≤ j ≤ g and(ς1, . . . , ςg) are the odd symmetric functions defined byςj :=∑g

k=1θks̃
(k)
j−1, whereθk := 1 ⊗ · · · ⊗ θ ⊗ · · · ⊗ 1 ands̃

(k)
j is thej th symmetric function of

z1, . . . , zk−1, zk+1, . . . , zg. �
To exploit this construction, we give the following definition.

Definition 4.2. Let X = (X,OX ) be a super scheme over Spec(Λ). A positive relative
super divisor of degreeg of C ×Spec(Λ) X → X is a closed sub–super-schemeZ of
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C ×Spec(Λ) X of codimension 1|0, defined by a homogeneous locally principal idealJ
of OC×Spec(Λ)X , such thatOZ is a locally freeOX -module of rankg|0 and its reduction
(modulo nilpotents)Z is a positive relative divisor of degreeg of C × X → X.
By definition, thenZ is locally defined by an equation of type

f = zg − (a1 + θα1)z
g−1 + · · · + (−1)g(ag + θαg) = 0,

wheref is the local generator ofJ and theaj ’s (respectively, theαj ’s) are even (respec-
tively, odd) local functions onX . Our aim is to show that the symmetric productSg C̃ is the
parameter space for the universal relative super divisor of degreeg, ∆(g), of C. The univer-
sal relative super divisor of degree 1 is simply the sub–super-scheme∆(1) of C ×Spec(Λ) C̃
locally defined by the equation

z ⊗Λ 1 − 1 ⊗Λ z̃ − θ ⊗Λ ρ̃ = 0,

which we will write more compactly asz − z̃ − θρ̃ = 0, where(z, θ) are local coordinates
of C and (z̃, ρ̃) are the “dual” coordinates given in Eq. (A.2). Consider now the natural
projections

πj : C ×Spec(Λ) C̃g → C ×Spec(Λ) C̃,
(x, x̃1, . . . , x̃g) 7→ (x, x̃j ),

and define∆̃j := π−1
j (∆(1)), ∆̃(g) := ∆̃1 + · · · + ∆̃g. Since the local equation of̃∆(g) is

g∏
j=1

(z − z̃j − θρ̃j ) = zg − (s1 + θς1)z
g−1 + · · · + (−1)g(sg + θςg) = 0,

where thesj ’s and theςk ’s are the symmetric functions of thez̃m’s andρ̃n’s we introduced
at the end of the proof of Proposition 4.1, the next lemma holds true.

Lemma 4.2. There exists a unique positive relative super divisor∆(g) of degreeg of
C×Spec(Λ) Sg C̃ → Sg C̃ such thatπ∗(∆(g)) = ∆̃(g), whereπ : C×Spec(Λ) C̃g → C×Spec(Λ)

Sg C̃ is the natural projection.
The most important result we need is Theorem 6 of [3], whose proof extends to the present
situation.

Theorem 4.3. The pair(Sg C̃, ∆(g)) represents the functor of relative positive super divisors
of degree g ofC, i.e., the natural map

R : Hom(X , Sg C̃) → Divg

X (C ×Spec(Λ) X ),

f 7→ (id × f )∗∆(g),

is a functorial isomorphism for everyΛ-super-schemeX .
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5. The geometric super Faà di Bruno polynomials

The constructions of Section 4 allow us to define a canonical family of super line bundles
together with an even section. For simplicity, we callX := Sg C̃ and we also assume thatC
is a generic SKP super curve of genusg. Then,LX := OC×Spec(Λ)X (∆(g)) is anX -family of

super line bundles onC and∆(g) defines a sectionσ of LX . If we letL be any non-special
super line bundle onC (i.e., such that the reduced invertible sheafLrd is non-special on
C) of degreeg and we callsL the unique (up to multiplication by a complex number)
section that generates the even part ofH 0(C,L), then the divisor(sL) can be thought of as a
Spec(Λ)-family of positive relative super divisors of degreeg and the universality property
of ∆(g) (Theorem 4.3) gives a unique mapfL : Spec(Λ) → X , i.e., aΛ-pointx ofX , such
that(sL) = (id×fL)∗∆(g). In turn, this induces an isomorphismρL : L→ (id×fL)∗LX
such that(id × fL)∗σ = ρLsL, so we can interpret the triple(X ,LX , σ ) as a deformation
of (L, sL) for any non-special super line bundleL on C. Finally, if we put graded super
coordinatest = (t1, . . . , t2g) on X (t̄j = j mod 2) then the cocycle conditions (3.1) for
the sectionσ as a deformation ofst0 := σ |C×{x(t0)}, for any t0, become the differential
equations

g−1
jk ∂tl fj = ∂tl fk + (g−1

jk ∂tl gjk)fk,

which are manifestly of the form of (2.1). To accomplish our goal of describing the algebraic
geometric super Faà di Bruno polynomials, we have therefore only to choose a suitable open
covering ofC ×Spec(Λ) X and to appropriately select two coordinatest2j andt2k+1 and to
call themx andϕ, respectively.

As before, select a non-special super line bundleL of degreeg on C. Let p∞ ∈ C be a
reduced point ofC such that it is not Weierstrass forC and the reduced sectionsrd

L does not
vanish atp∞. Let U0 ⊂ C be an open neighbourhood ofp∞ where we can define graded
coordinates(z, θ) for C centred atp∞ (i.e., z(p∞) = 0) and letU1 := C − {p∞}. Then,
{U0, U1} is a Stein open covering ofC. Sincesrd

L does not vanish atp∞, the sectionsL
gives a local trivializationη of L onU0 (suitably restricted). Then, the quintuple(C, D :=
(z)|U0, (z, θ),L, η) defines through the super Krichever map a point of SGrΛ. Finally, let
V be a Stein open neighbourhood of(sL) ∈ X where the coordinatest are defined. The
open subsetsU0 := U0 ×Spec(Λ) V andU1 := U1 ×Spec(Λ) V define a Stein covering of
C×Spec(Λ) V over which we can trivializeLV := LX |C×Spec(Λ)V . RestrictingV if necessary,
we can assume thatσ gives a local trivialization ofLV overU0.

Now, we move to the analytic category instead of the algebraic one. LetN := π∗OC(gD),
whereπ is now the projection ofC ×Spec(Λ) V to C, and letµ be the pull back byπ of the
section ofOC(gD) which generates the even part of its module of global sections. Then,µ

gives a local trivialization ofN overU1. SinceLV⊗N−1 has relative degree 0 it follows that
restricting againV if necessary, it has a local analytic trivializationν overU1 andτ = νµ

gives a trivialization ofLV overU1.
Summarizing, we have a trivialization(σ, τ ) of LV over(U0,U1), with respect to which

σ is represented by the couple of functions(f0 = 1, f1) and the transition function ofLV
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is g10 = f1/f0. Let us defineĤ (k) := ∂tk logg10. Then, these meromorphic functions on
U0 satisfy Eq. (2.4) and are therefore our candidates for the super currents of the hierarchy.

Observe that it is possible to choose the coordinatestk in such a way that (multi-
plying τ by the exponential of a suitable meromorphic function whose poles are only
overπ−1(p∞)) Ĥ (h) has the correct asymptotic behaviour (2.2) (here our coordinatez is
the inverse of thez appearing there). Notice also thatĤ (k)|U0∩U1 represents the class of
H 1(C ×Spec(Λ) V,OC×Spec(Λ)V ) corresponding to the deformation ofL alongtk. Since the

asymptotic behaviour of̂H(1) is θ + O(z) it follows that the first timet1 does not deform
L at all. The super Jacobian Jac(C) of C has dimensiong|g − 1, whileSg C̃ has dimension
g|g and maps surjectively to Picg(C) ' Jac(C), hence there is an odd direction inV which
corresponds to trivial deformations ofL, i.e., there exists indeed a coordinate liket1.

In Section 2.3 of [6], we have shown that the Faà di Bruno generator is computed by the
formula ĥ := Ĥ (1)|t1+ϕ + ϕĤ (2)|t1+ϕ . The cocycle condition (3.1) can be interpreted also
as saying that(∂tkf0 + Ĥ (k)f0, ∂tkf1) is a section ofLV (∞π∗D) with pole of orderk at
π∗D. Thus, the super Faà di Bruno recurrence relation (2.1) corresponds to deformation
along the non-integrable vector fieldD and the super Faà di Bruno polynomialsĥ(k) are the
local representatives onU0 of the meromorphic sectionsσ (k) of LV obtained by iterative
deformation ofσ (0) := σ alongD. The form ofĥ implies also that theσ (k)’s form a basis
of H 0(C ×Spec(Λ) V,LV (∞π∗D)) overOV . We can restate the above discussion in the
following proposition.

Proposition 5.1. The super Faà di Bruno recurrence relation is the cocycle condition for the
hypercohomology group describing the deformations of the dynamical super line bundle
L on the spectral curveC and of its meromorphic sections which give rise to the super
Krichever map.
We end by remarking that Eq. (2.3) is an obvious consequence of the definition ofĥ and
Ĥ (k).
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Appendix A. Super curves

In this appendix we recall some facts concerning super curves, referring to [7] for more
details on supergeometry.

Let Λ be a Grassmann algebra overC. An algebraic super curve overΛ, also called a
Λ-super-curvefor brevity, is a proper irreducible superschemeC → Spec(Λ) over Spec(Λ)

with fibre dimension 1|1 and whose underlying reduced scheme is a proper irreducible
algebraic curve overC. Throughout this paper we assumeC to be a supermanifold, so it is
given by a pair(C,OC), whereC is a topological space andOC = OC,0 ⊕OC,1 is a sheaf
of super-commutativeΛ-algebras onC such that
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1. (C,OC := Ord
C = OC/JC) is a smooth irreducible proper algebraic curve overC, where

JC is the ideal sheafOC,1 +O2
C,1,

2. there exists an open covering{Uj }j∈J of C and odd elementsθj ∈ OC(Uj ) such that

OC(Uj ) ' OC(Uj ) ⊗C Λ[θj ].

A Λ-point ofC is a map Spec(Λ) → Cwhose composition with the projectionC → Spec(Λ)

is the identity morphism.
An invertible sheafL onC is a locally free evenly generatedOC-module of rank 1|0; it is

the sheaf of sections of a super line bundle that, abusing notations, we still callL. We can
find a suitable open covering{Uj }j∈J of C over the elements of whichL is trivial. Then the
super line bundle is completely described in terms of its (even invertible) transition functions
gjk ∈ 0(Uj ∩ Uk,O

×
C,0) satisfying the usual cocycle conditions. The set of isomorphism

classes of super line bundles onC is thereforeH 1(C,O×
C,0) and tensor product of invertible

sheaves (or, equivalently, multiplication inO×
C,0) gives it a group structure under which it

is called the Picard group Pic(C) of C.
Another way to describe an invertible sheaf is by means of super (Cartier) divisors. A

super divisor onC is a collectionD := {(Uj , fj )}j∈J of even non-zero rational functions
fj defined, up to even invertible regular functions, on the open subsetsUj of a covering of
C, and agreeing in the intersectionsUj ∩Uk up to an element ofO×

C,0(Uj ∩Uk), i.e.,D is a

section ofRat×C,0/O
×
C,0, whereRatC is the sheaf of rational functions onC. With the super

divisorD one associates the invertible subsheafOC(D) ⊂ RatC whose local sections over
Uj span the modulef −1

j OC(Uj ) and the transition functions of the corresponding super

line bundle aregjk = fjf
−1
k . We have the exact sequence

0 → O×
C,0 → Rat×C,0 → Rat×C,0/O

×
C,0 → 0

and a super divisorD is called principal if it is the image of a global non-zero even rational
function f , in which case we writeD = (f ). Of course, the invertible sheaf associated
with a principal divisor is trivial and vice versa.D is called effective (or positive) iffj is
regular for everyj , and irreducible iffj = zj − z̃j − θj θ̃j , wherez̃j , θ̃j ∈ Λ.

A useful concept associated with irreducible super divisors is the dual super curveC̃ of
C, which we briefly review (see [1,2] for more details). LetC = (C,OC) be theN = 2
super curve whose reduced algebraic curve is againC and whose structure sheaf is the only
super conformal extension ofBerC byOC

0 → OC → OC → BerC → 0. (A.1)

HereBerC is the dualizing sheaf ofC, whose transition functionsgjk are the Berezinians of
the (super) Jacobian matrices of the coordinate transformations betweenUj andUk, and
the super conformal property means that the local formωj := dzj − dθjρj is globally
defined up to a scalar factor, where(zj , θj , ρj ) are graded local coordinates onC adapted
to C (i.e., (zj , θj ) are coordinates onC). The kernel ofωj is generated byDj := ∂ρj

and

D̃j := ∂θj
+ ρj∂zj

and one can easily convince himself thatDj represents locally the map
OC → BerC , thus the structure sheafOC of C is the kernel ofD.
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Introducing the new coordinates

z̃j := zj − θjρj , θ̃j := θj , ρ̃j := ρj (A.2)

onC, the two operators above becomeDj = ∂ρ̃j
+ θ̃j ∂z̃j

andD̃j = ∂θ̃j
, respectively, so the

kernel ofD̃j consists of functions of̃zj andρ̃j . One shows that this makes sense globally
obtaining therefore a new exact sequence

0 → OC̃ → OC
D̃→Q→ 0,

whereOC̃ is the structure sheaf of a 1|1Λ-super-curvẽC which is called the dual super curve

of C, moreoverQ ' BerC̃ and ˜̃C ' C, which explains the terminology. The interesting fact

is that theΛ-points ofC̃ correspond to the irreducible divisors ofC.
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